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Introduction
The transport and capture of gaseous molecules by blood is a major process for life. As such, the quantitative understanding of oxygen respiration has been a primary scientific quest since Lavoisier in the late 18th century. Furthermore, the capture of carbon monoxide (CO), and more recently of nitric oxide (NO), has been studied for several reasons: First, to interpret the so-called diffusing capacity of CO (introduced by Marie Krogh in 1915 to study oxygen diffusion) and NO (Guénard et al., 1987; Borland and Higenbottam 1989) that is used in standard lung function tests.
The quantification of CO capture is also important to assess the risks for accidental intoxication, smoking and environmental effects. Furthermore, there has been an interest in understanding the possible use of CO as an anti-inflammatory drug (Motterlini and Otterbein, 2010; Ryter and Choi, 2013) . NO was identified as the endothelial derived released factor (Furchgott and Zawadzki, 1980; Ignarro et al., 1987; Palmer et al., 1987; Furchgott, 1988) . The vaso-relaxing effect of NO is used, through drugs acting as NO donors, for vasodilatation in some specific indications (Frostell et al., 1991; Griffiths and Evans, 2005; Checchia et al., 2012) . Apart from its medical application, NO is also a common air pollutant in the air, coming from cigarette smoke, fuel consumption or nitrate used as fertilizer in agriculture.
Gas capture involves several steps each with a distinctive time scale. A schematic is shown in Fig. 1 . The transport of gas molecules starts in the alveoli with gas concentration Cg. The concentration in the membrane on the other side of the alveolar-capillary interface is Cg, where  is the dimensionless gas to liquid partition ratio (Foucquier et al., 2013) . The dissolution process occurs very rapidly, essentially instantaneously relative to the other time scales. The fact that the dissolution step is very rapid as compared to diffusion and reaction was used to understand quantitatively oxygen capture (Foucquier et al., 2013; Kang et al., 2015) .
From the internal interface, each molecule from each location follows random paths (Brownian diffusion) through the membrane and the plasma into the red blood cell (RBC) cytoplasm to reach the haemoglobin (Hb) molecules and finally to react with them. A few of these Brownian trajectories reaching two small volume elements, i and j, inside a RBC are illustrated in blue and green in Fig 
where CI is the concentration of the molecules to be trapped by haemoglobin inside the RBC and 1/ is the pseudo first-order rate constant (assuming HbO2 in excess). This rate can be deduced from chemical kinetics studies (Gibson et al., 1955; Chakraborty et al., 2004; Kang and Sapoval, 2016) .
In contrast to the micro-dynamics discussed above, a global and steady state interpretation has been proposed by Roughton and Forster (1957) 
where DLCO is the lung diffusing capacity for CO (the quantity that is measured), 1/DMCO,RF is called the diffusive resistance, θRF is the "specific blood conductance" and VcRF is the pulmonary capillary volume. The index RF is kept here because we will compare these quantities with their mathematical equivalents below.
The Roughton and Forster interpretation is the dominant model used by the scientific and clinical communities. The physical interpretation of this scheme is that the global lung capture resistance
(1/DLCO) is the sum of two resistances in series, the diffusive resistance that is supposed to characterize the transfer from the gas to the external surfaces of the RBCs, and the blood resistance related to diffusion and reaction inside RBCs. The RF interpretation is the standard in this field (see Hughes and Bates, 2003 for a review) and it is used in published recommendations for CO and NO lung function testing (MacIntyre et al., 2005) . Since the late 1950's up to the present there have been a number of contributions that examine both experimentally and theoretically this interpretation in different situations (Hughes and Pride, 1999) .
Such a simplified description of this complex phenomenon by two independent resistances requires as a necessary (but not sufficient) condition that the periphery of a RBC is at a uniform concentration (iso-concentration) and be the same for all the RBCs. For general RBC morphology (and situations where these cells are moving in the capillaries, taking different shapes through time and even forming clusters), this condition is not satisfied.
It should be recalled that the RF equation does not arise from a general solution of the mathematical problem illustrated in Fig. 1 Roughton and Forster were conscious of this difficulty and they solved part of the problem by proposing the measurement of DLCO as a function of the oxygen partial pressure using the assumption that 1/θRF is proportional to this pressure as suggested by their experiments. This was the invention of the RF extrapolation that allows, in principle, one to measure DMCO,RF. Later, using the fact of a very rapid reaction rate of Hb with NO, Guénard et al. (1987) suggested that the measure of DLNO considered to be very close to DMNO,RF would give an approximate measure of DMCO,RF based on the scaling of DLNO from CO and NO solubilities and diffusivities using
Graham's and Fick's laws.
Solving the problem illustrated in Fig. 1 is beyond the scope of a direct mathematical analysis.
Nonetheless, the objective of this work is to examine simple cases where exact analytical or precise numerical values of DLCO and DLNO can be obtained. We will provide solutions to the diffusion-reaction equations for simplified and static boundary conditions. One can then check if their dependence on the reaction rate and capillary volume confirms the RF interpretation.
Notwithstanding the simplifications here, the results show that the RF understanding of DLCO and DLNO is inaccurate. At the same time, this study opens a new perspective for a better interpretation of these quantities.
Since this study is directed towards the pulmonary physiology community, the details of the calculations will be given in appendices and the results will be illustrated through graphs. The role of mathematics here is not to give results that could directly be applied to clinical questions but to help to select between the methods of interpretation those that are better founded.
Methods
During the single-breath (and hold) diffusing capacity manoeuvre, the gas molecule concentration inside the RBC CI follows the diffusion-reaction equation:
where D is the molecular diffusivity in the cytoplasm (taken here as the value in plasma). It is an exact and general mathematical result that the solution of above time-dependent equations (3) 
In the membrane plus plasma region (i.e., outside the RBC with no haemoglobin molecules), the external concentration CE obeys the simple steady-state diffusion or Laplace equation: 
where n is the normal to the RBC periphery. The continuity of the derivatives is linked to the fact that the diffusivities in plasma and the RBC cytoplasm can be considered to be approximately equal. This point is not trivial as the interior of RBCs is crowded by haemoglobin molecules that occupy about 30% of the volume. It is well known that in such a situation, like in porous materials, diffusion at short distances (or short time) is not perturbed while long distance diffusivity is reduced. A recent detailed study of diffusion in crowded systems (Palombo et al. 2013) showed that when applied to the RBC situation, for distances of order the RBC size, diffusivity is still within a good approximation the diffusivity in plasma or water. Note that the diffusivities measured in solutions which have been recently used in this field ( Sakai et al., 2008; Azarov et al., 2011; Borland et al., 2014) are long distance diffusivities. Until now, there exists no measurement of NO diffusivity in concentrated Hb solution with thicknesses of order 1 μm, which would show that the short distance diffusivity is smaller than the long distance value.
Equations (4), (5) and (6) Houghton measured NO and CO diffusivity by following the rate of collapse of bubbles in gasfree water. Their results should then be considered as an approximate assumption for plasma and lung tissues.)
The reaction time CO of CO with Hb in RBC can be obtained from chemical kinetics. Kang and Sapoval (2016) deduced previously that CO = 0.5 ms for 100 mmHg of oxygen partial pressure and that, for larger O2 partial pressures, CO is linearly proportional to the pressure. The NO reaction time NO is of order 5 microseconds, i.e., it is shorter than CO by two orders of magnitude (Sakai et al., 2008) . The partition ratios CO = 0.018 and NO = 0.041 (Cotes et al., 2006) were used.
Three different geometries of gas-membrane-plasma-RBC structures are considered in this study ( Equations (4) - (6) were solved for each case with values of geometrical parameters given in were used (see the Appendix B).
Results and Discussion
To qualitatively understand the results, one should recall the notion of "penetration depth during the reaction time", which measures the order of the distance over which diffusing molecules react and disappear. Consider, for example, a planar source at concentration C0 in contact with a diffusion-reaction medium with diffusivity D and reaction time τ. The solution of Eq. (4) that this resistance increase is not due to any anomalous resistance from the RBC morphology as suggested by Borland et al. (2010 Borland et al. ( , 2014 and Vaughn et al. (2000) but merely due to finite penetration before reaction.
The spatial distribution of the diffusive flux is given by Fick's law
where S is the total gas exchange surface. One can write
where NRBC is the number of RBCs in diffusive contact with the gas, Vc is the pulmonary capillary volume, Hct is haematocrit and VRBC and SRBC are the RBC volume and surface area, respectively. In this artificial morphology, a RBC is supposed to be a square box of thickness LRBC = 2 m and VRBC = 100 m 3 giving SRBC = 100 m 2 . With VcHct = 44 cm 3 (Kang and Sapoval, 2016) , one obtains S = 44 m 2 . The spatial distribution of the diffusive flux is shown in Fig. 4 .
The diffusing capacity DL can be deduced from the global flux which is given by the derivative of the concentration at the gas-membrane interface (see Eq. (A.9) and (A.11)):
where tanh(x) = (1-exp(-2x))/(1+exp(-2x)) is the hyperbolic tangent function. In the usual physiological units, we obtain DLCO = 46 ml/min/mmHg, DLNO = 258 ml/min/mmHg, and the ratio DLNO/DLCO = 5.6.
For NO capture with its very short reaction time, the penetration length LD is much smaller than LRBC/2, so that tanh[(LRBC/2)/LD] is close to 1, and Eq. (9) can be simplified to
The results for the cases B and C are obtained numerically using a finite element method (FEM) (see the Appendix B). The spatial distributions of CO and NO concentrations are shown in Fig. 5 .
For CO, one observes that no iso-concentration line matches the RBC periphery. One also notes that a large fraction of the RBC volume is engaged in capture as illustrated by the iso-lines in Fig.   5 that vary weakly over the RBC volume. This is due to the value of the penetration depth for CO which is close to 1 μm. In this sense, DLCO measures a "volume absorption".
On the contrary, the concentration of NO is very small inside the RBC. Only a very small fraction of the RBC volume is working as illustrated by the iso-lines in Fig. 5 that vary very rapidly over the RBC volume. This is due to the small value of the penetration depth for NO which is at most 0.1 μm. In that sense DLNO measures approximately a "surface absorption". A pure surface absorption would correspond to  = 0.
The values of DLCO and DLNO in the three configurations studied above are summarized in Table   2 .
The results above, although describing simplified geometries, are mathematically exact for case A and very precise for cases B and C. They deal with the simplest version of the physicochemical phenomena involved in the capture of gases by haemoglobin, namely diffusion and reaction. Comparing the results and the RF interpretation leads us to discuss the following points.
The Roughton and Forster extrapolation: a problem?
The Roughton and Forster extrapolation can be compared with the calculated solution of the dependence of 1/DLCO on the reaction time. For case A shown in Fig. 6 and Table 2 , one finds that the linearly extrapolated value of DLCO is different from the exact DLCO(=0).
The important point here is not the size of the discrepancy between these two values but that they are both exact. One can deduce the extrapolation error from the analytic calculation in Appendix
which gives 13% of error for this particular geometry.
For cases B and C, one observes the same type of discrepancy but the difference is significantly larger as shown in Fig. 7 and Table 2 . For all the geometries studied in the present work 1/DLCO versus τ is only approximately linear and the extrapolation does not give the expected 1/ DLCO at τ = 0. Thus, this defect of the RF extrapolation is conceptual.
The above graphs are not given as a function of PO2 but as a function of the reaction time which is known to be proportional to PO2 for large enough PO2 (see Kang and Sapoval, 2016 In addition, both CO and NO obey the same Eqs. (4) - (6) with the different partition ratios and solubilities. In both hypothetical cases CO = 0 and NO = 0 the corresponding diffusive capacities DLNO and DLCO would scale simply as
For physical reasons these quantities cannot be measured but due to the small value of NO, one can use relation (12) to predict an approximate value for DLCO(CO = 0) from the experimental value of DLNO with a finite but small τNO. This value is shown in Figs. 6 and 7 by the green stars.
As expected, these values are approximate, but the approximation is fairly good for all three cases.
Vc dependence
Comparing Eq. (9) and the RF equation (2) shows that in case A the exact solution consists of the contribution of two resistances: the first term in the right hand side of Eq. (9) corresponds to the membrane resistance and the second corresponds to the blood part of RF. That is, for this very simple geometry, the RBC surface is at iso-concentration due to symmetry. Figure 5 shows that the RBC surface and iso-concentration line do not coincide in the other cases.
More importantly, the so-called blood conductance is now a hyperbolic tangent function of LRBC,
i.e., a nonlinear function of Vc as written below:
This exact result shows that the blood conductance is not linearly proportional to Vc in contradiction with RF. This is illustrated in Fig. 8 . The direct comparison shows the exact solution and RF interpretation exhibit different behaviours as a function of Vc even in the idealized case of a flat RBC surface, which is iso-concentration. The qualitative understanding of the exact result is that if the penetration depth LD is smaller than Vc, molecules do not penetrate the entire volume of the RBC.
Steady state capture versus complete time-dependent capture
To make it clear that the capture is essentially governed by the steady state regime, one can compute the solution of the full time dependent diffusion reaction equation (3). The results are shown in Fig. 9 , which presents concentration distributions at different times for a biconcave RBC. It is clear that the steady-state is reached within a few milliseconds after the RBC is in diffusive contact with the gas. More importantly, it should be noted that after that time there is no advancing front.
The global flux time dependence is shown in Fig.10 .
Summary and conclusion
In this work, three cases of RBC morphology have been used to investigate the Roughton and for an idealized flat case where the RBC surface is iso-concentration.
-The value of DLNO implies a small but finite participation of the interior of the RBC that behaves like an internal resistance. Thus, DLNO is a good approximation of DMNO (within a few per cent) from which one could deduce DMCO. However, there is no use of DMCO if it is recognized that the RF equation is inadequate to describe CO capture.
Not mentioned in this paper is the case of spherical vesicles containing Hb molecules for which exact analytical computation can also be obtained. They exhibit the same properties that were discussed here for the different morphologies. They will be compared with experiments by Sakai et al. (2008) and Azarov et al. (2011) in a following paper.
One could ask about the influence of the values of the diffusivities used above on the conclusions and especially on the main conclusion that the real DMCO is different from the extrapolated DLCO.
To check this influence, the same calculations have been performed using an internal diffusivity of 1/3 of the external diffusivity. The results are summarized in the appendix C. They show clearly that the fact that the extrapolated value is different from the real value for  = 0 is independent of the diffusivity values.
These conclusions constitute a somewhat negative view of DLCO measurements as interpreted through the RF equation. In fact, it is possible that DLCO, as currently used in lung function tests, have been partly misinterpreted in the past. Nevertheless, besides their interpretation, the accumulated clinical correlations between experimental DLCO values have their own validity. In such a situation where the current RF method appears to be misleading, one should consider a different method which itself has to be checked on the same geometries. This is the TimeDependent approach, recently introduced by Kang and Sapoval (2016) . This new way of understanding will be discussed in a forthcoming paper.
But the same results also lead to a new and different point of view about the clinical use of these lung function tests. The new point of view is to consider DLCO and DLNO as two complementary quantities that stand for themselves. DLCO measures a "volume absorption" that gives an indication about the haematocrit. DLNO measures a "surface absorption" and gives indication about the morphology of the space separating the alveolar membrane and plasma from the RBCs.
As shown in Kang and Sapoval (2016) , a specific interesting aspect of DLNO is that it presents a better sensitivity to membrane heterogeneity than DLCO.
Besides that, the present work sheds new light on the discussions about DLNO in this special issue of RESPNB and the arguments presented in Zavorsky et al. (2017) . First, suppose as generally admitted that DLNO is close to DMNO because the reaction rate of NO with Hb is very large. Then, if this is true, one should find the real DMCO through a simple scaling using the solubility and diffusivity of the respective species. The problem lies in the fact, reported here, namely that the scaled DLCO (=0) obtained here is not equal to the DMCO linearly extrapolated from large pressures. Related to that dilemma, several studies have questioned the interpretation of DLNO itself as related to some anomaly in the capture of NO (for example, finiteagainst infiniteNO, anomalous diffusion in or out of the RBC membrane). But what has not been questioned so far is the very validity of the Roughton and Forster model which leads, as shown here, to an erroneous
structures
The solution for the case of the flat parallel structure (shown in Fig. 2) is independent of the y and z axes along the surfaces such that this is a 1D problem in the transverse (vertical) direction. Then, the diffusion-reaction equation in the internal region of the RBC is simply
where x is the distance from the cell center. In the external zone of the RBC, one has
In the coordinates of Fig. 2 , the boundary conditions are
The linear solution of Eq. (A.2) is in the membrane-plasma space is where the cosh and sinh are the hyperbolic cosine and sine functions, respectively. From the system symmetry, BI = 0. The length LD is the penetration depth characterizing qualitatively that diffusive molecules are absorbed on this length.
From the boundary conditions in Eq. (A.3), one obtains
These formulas fully determine the concentrations CE(x) and CI(x).
Flux of gas molecules  is given by the product of diffusivity D, gas exchange surface S, and the derivative of CE(x): For the case that we consider in Fig. 3 , err = 13% but it will vary according to the morphology.
Appendix B. Numerical simulations
The general form of the steady diffusion-reaction equation can be written as
In 3D cylindrical coordinates, the Laplace operator Δ has the following form Biconcave RBC shape in case C can be defined as a locus of the points for which the product of distances to two fixed points is constant (Angelov and Mladenov, 2000) . It is given by the 
